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* Problem 1

(IMO, 1989) A permutation xjxs. ..z, of the set {1,2,...,2n}, where n € N, is
said to have property P if |x; — ;11| = n for at least one 7 in {1,2,...,2n — 1}.
Show that, for each n, there are more permutations with property P than without.

Solution: The case when n = 1 is trivial. Assume that n > 2. Let A (resp., B )
be the set of permutations of S = {1,2,...,2n} without property P (resp., with
P ). To show that |B| > |A|, by (IP) and (BP), it suffices to establish a mapping
f : A — B which is injective but not surjective.

For convenience, any number in the pair {k,n + k}(k = 1,2,...,n) is called the
partner of the other. If k£ and n+k are adjacent in a permutation, the pair {k,n+k}
is called an adjacent pair of partners.

Let a = 129 ... 29, be an element in A. Since a does not have property P, the
partner of xq is x, where 3 < r < 2n. Now we put

fla) = xox3 ... Tp 1212, Tpy1 - - - Top

by taking x; away and placing it just in front of its partner x,. In f(«), it is clear
that {z1,x,} is the only adjacent pair of partners. Obviously, f(a) € B and f
defines a mapping from A to B. We now claim that f is injective. Let

O = X1T9...Top
5:yly2-~-y2n

be elements of A in which z; ’s partner is z, and y; ’s partner is y,, where
3 <r,s<2n. Suppose f(«a)= f(B); ie.,

L2X3 - - Lp—1X1 Ly« - - T2n = Y2U3 - - - Ys—1Y1Ys - - - Yon-

Since {x1,x,} (resp., {y1,ys} ) is the only adjacent pair of partners in f(«a) (resp.,
f(B) ), we must have r = s, x1 = y; and z, = ys. These, in turn, imply that z; = y;
forall s =1,2,...,2n and so a = 3, showing that f is injective.

Finally, we note that f(A) consists of all permutations of S having exactly one
adjacent pair of partners while there are permutations of S in B which contain
more than one adjacent pair of partners. Thus we have f(A) C B, showing that f
is not surjective. The proof is thus complete. B



* Problem 2

Let A and F be opposite vertices of a regular octagon (Figure 5.3). A frog starts
jumping at vertex A. From any vertex of the octagon except FE, it may jump to
either of the two adjacent vertices. When it reaches vertex F, the frog stops and
stays there. Let u, be the number of distinct paths of exactly n jumps ending at
E. Prove that ug,_1 =0,

u2nzi(:c"1—y"1), n=1,2,3,...,

V2

where = 2 + /2 and y = 2 — v/2. (Note that a path of n jumps is a sequence of
vertices (P, ..., P,) such that

(i) hh=A,P, = E;

(ii) for every 7,0 < i <mn — 1, P, is distinct from F; and

(iii) for every 7,0 <i <n — 1, P, and P,;; are adjacent.)

A H

D E

Solution: Let a,,b,,c,,d,, e, fu, g, and h, be the number of distinct paths of
exactly n jumps ending at A, B,C, D, E, F,G, and H, respectively. Then e, = u,.
By symmetry, we know that b, = h,,, ¢, = g,, and d,, = f,,. It is also not difficult

to see that
€n = dn—l + fn—l = 2dn—1

d, = Cp1

a, = 2b,_1

Chp =bp1+dp

by = ap—1+ cp
From the first two equations, we obtain d,,_1 = %en and ¢,_1 = d
Substituting these two relations into the fourth equation gives b, 1 = %



From the third equation, we obtain a, = e,,2 — e,,. Then the fifth equation reads
eny3 — 4epy1 + 2¢, 1 = 0.
Thus we may consider the characteristic equation
ot —42” +2=0

The four roots are +1/2 + /2.

Uy = €, = as" + b(—s)" + ct" + d(—t)" where s = \/r =2+ V2 and t = \/y =

V2 — /2. Note that e; = ey = e3 = 0 and e4 = 2. Hence
(a—0)s+ (c—d)t =
(a+b)s* + (c+d)t* =0
(a—b)s*+ (c—d)t* =0
(a+0b)s* + (c+d)t! =2

O

From the first and third equations, we obtain a = b and ¢ = d. This implies that
Uon—1 = 0. Solving the second and fourth equations gives

242
st 1
Consequently, ug, = 2as® + 2ct> = —=(s"" > =" ) = —(2" ' —y""). W
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* Problem 3

For a set A, let s(A) denote the sum of the elements of A. (If A = (), then
|A| = s(A) =0.) Let

S =1{1,2,...,1999}.
For r =0,1,2,...,6, define

T.={T|TCS,s(T)=r (mod7)}

For each r, find the number of elements in 7.

Solution: If an integer 7,1 <14 < 1999, is in T, it contributes 7 in the sum s(7);
otherwise, it contributes 0 . Hence for each number ¢, we associate it with the
generating function 2° + 2’ = 1 4 2'. Consider the polynomial

fl@)=142)(1+2%) - (1+2") = chx"

n



Then there is a bijection between each subset T = a1, as,...,0m of S and each
) ) )
term x®x® ... g%m = p@T%2T T4 Hence

T = Z [x7k+r] f(z) = Zc7k+7"-
k

k

Let £ = e7!, where i2 = —1, be a 7™ root of unity. Then 7 =1 and € # 1, so € is
a root of

7
1
L ltatattaf

r—1

That is, 1+&4+&24---+&% = 0. For r divisible by 7 , we have 22:1 & = 22:1 1=
For r not divisible by 7 ,

{1,2,....6} ={r-1,r-2,--- ,r-6} (mod7)

(In other words, a complete set of residue classes modulo 7 remains invariant by
multiplying r by each number in the set.) Thus,

= —1, ris not divisible by 7.

Hence,
6

> r(E) zijcnﬁm':chzﬁjgni:Zm:?lTO\

i=0 i=0 n n i=0 7In

In exactly the same way, we can show that

‘Tr‘ Zg mf (21999+Z§ rzf )

since f (50) = f(1) = 29 Note also that &,&2,...,£" = 1 are the roots of
g(z) = 2" — 1, that is,

glay=a2"-1=(x =& (x-&) - (z - ¢
It follows that
g(-1)=-=2=(-1-6(-1-&) (-1-&)--- (-1 =€)

implying that
1+ (+8) (146 =2



Consequently, because 1999 = 7 - 285 + 4, we have

fEO =048 0+&)--- (14
— 1+ 1+ -1+ 0+ (1+&) (1+6) (1+&Y
=22 [1+9) 1+ 1+ 1+ &)
=22 (1+&+8+--+&) (1+8)
:2285 (1+€3)

In general, we have f (52) = 2% (1 + f3i) for 1 <17 < 6. It follows that
1 6 . .
T,| = - <21999 | 9285 Zg—m (1 X 531)>
i=1
6
_ % <21999 4 9285 Z |:§—m' I 53@2})

i=1
By equation (**), we conclude that

26: [g_m- N 5(3—74)@} _ {6 —1=25, r=0or3 (mod?)

= —1-1=-2 otherwise.

Y

Therefore, the answer to the problem is

1999 .9285
245277 7;5 2 r =20 or 3,
|1T|

21999_2286 o
= r=1,2,4,5,6.
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