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Problem Statement

Finding the appropriate number of clusters in cluster analysis

Standard clustering algorithms like K-means require prior information in order 
to specify the number of clusters. 

The 
Challenge

Method of Gap Statistics
This uses outputs of ordinary clustering algorithm and automatically determines 
number of clusters by standardizing Within Cluster Sum of Squares.

Proposed 
Solution
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Grouping objects in sets:  Objects within a cluster are as homogeneous as possible,  
                 whereas objects from different clusters are as heterogeneous as possible.

Clustering is an unsupervised learning method, 
so input data sets are without labelled responses

Clustering
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Grouping objects in sets:  Objects within a cluster are as homogeneous as possible,  
                 whereas objects from different clusters are as heterogeneous as possible.

It is an unsupervised learning method, so input data sets are without labelled responses

Clustering

▪ Advertisement firm could spend money more effectively

▪ Police can utilize it  to identify crime prone localities

▪ Companies use it for Customer segmentation and provide different offers to different customer groups

Balance between individuality and indistinguishability  

Who can benefit? 

▪ Document Classification based on tags, topics and content 



Hard to present a rigorous definition of a “cluster”. 

Problem 1 : Scale dependency 

But, what if each point represents a 
thousand objects?

Clusters of Clustering

Problem 2 : Distance as Similarity measure

Two Clusters? Clusters as two circles of different radii?

But, distance based clustering algorithm 
would yield depicted clusters.



Mathematical Framework



 

K-Means



K-Means: Lyod’s Algorithm

Image Source: Wikipedia

Initialize

Iterate

Randomly select k centers.

Terminate Stop when no more new assignment are made.

1. Assign data point to cluster whose distance 
from center is minimum of all the clusters.

2. Update the cluster means using all points in 
that cluster.

https://en.wikipedia.org/wiki/K-means_clustering


 

How do we choose k?

K-Means: Elbow Phenomenon

However, in real world data, the clusters are not  
well segregated. So the elbow is not easily 
identifiable. 

 



 

 

Notations

 



 

 

 

Moving Towards Gap Statistics

 



 

 

So for k = K, gap would be maximum

Alternate motivation

 

Actual Distribution

 

Null distribution 



A multi-component assumption 
sometimes result in erroneously 
rejecting 1-component model[1]. 

Hence we assume a single- 
component in our null hypothesis 
itself and reject it in favor of a 
k-component model if strongest 
evidence for any such k>1 
warrants.

 

 

Null Distribution

The null model is taken as a single component model with a log concave density 

[1]: Roeder 1994  [2]: Walter, 2001



 

Consider k-means clustering:

 

 

Null Distribution: Insights from K-Means Clustering



Authors suggest to mimic the 1-D case of uniform, along each component in higher dimension

Theorem 1
For p = 1 , ∀ k ≥ 1, 

 

Among all unimodal distribution the uniform produces most spurious clusters.

Theorem 2
In higher dimension, no log concave distribution solves

 

Null Distribution: Theory



Suggestion 1: Generate each reference feature uniformly over range of observed value for that feature.

Suggestion 2: Generate reference features uniformly over a box aligned along Principal Components of data

Null Distribution: Suggestions for Higher Dimension



 

 

 

 

Gap Statistics: Implementation



 

Step 1: Clustering the data 

 

 

 

Step 3: Other statistics 

 

 

Note that this is estimated value

Algorithm



 

 

 

Other Methods for Choosing K



Using simulated data, we compare the gap statistics with other existing methods
(50 realizations were generated in each setting). 

200 data points uniformly distributed over 
unit square in 10 dimension

3 clusters of standard normal data:
centered at  (0,0) ,(0,5) ,(5,-3) 

with 25, 25, 50 observations respectively.

(a): Null (single cluster) data in 10 D (b): 3 clusters in 2 D 

+
+  Refers to correct number of clusters  

Gap/unif : uses uniform reference distribution

Gap/pc:  using principal component reference distribution

Simulations



Each was randomly chosen to have 
25 or 50 points in 3 dimension 

with standard normal distributions and centers 
randomly chosen from N(0,5I).

 

(c): 4 cluster in 3 D (d): 2 elongated clusters in 3 D

Simulations



Other methods do well, except in non null setting where only gap statistics shows 
a reasonable performance

Gap/unif does well except in elongated clustering simulation, where oblique 
shape adversely affects its performance. 

The Gap/pc method is a clear winner overall

Conclusion
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