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Introduction

         The paper shows how to use logistic regression in 
situations where the phenomenon under consideration 
is periodic i.e. Follows a cyclic pattern. The method is 
illustrated by an ecological data.  

         According to the research paper by Flury & Levri, I 
have to compare several logistic models to understand 
the utility of periodic logistic regression. And we also 
need the best fitted model for this particular ecological 
data in this presentation. For this purpose first I have to 
discuss the concept of saturated model and deviance. 
Then I’ll discuss about the main topic.



Introduction to Saturated Model

   “Saturated Model”, is a model with as many 
parameters as observations. If there are N 
observations Yi , i = 1,...,N, all with potentially 
d i f f e r e n t v a l u e s f o r t h e l i n e a r 
component           ,    ,then a saturated model can 
be specified with N parameters.



Clear Concept of Saturated Model
     We have a dataset of weight. Let’s assume we know the 

standard deviation of data and the data follows Normal. 

This is our usual model



Cont...
    We can also create a super fancy model for our data. This 

model is called the Saturated model.



In the saturated model, suppose  

● βmax  =  Parameter vector &  bmax   =  MLE of βmax ,

● L(bmax ;Y)  is the maximum value of the likelihood function. 

  
Similarly, for our concerned model,  

• We have β, b and L(b ;Y).   

Now Consider: 

Deviance =  



Deviance of GLM

Let’s assume,        =   L(bmax ;Y)  (for Saturated Model)  

                                =   L(b ;Y)       (for our concerned Model) 

Deviance =             =                   = - 2(log(     ) - log(     ))



Cont....

Deviance  =



Distribution of Deviance 
● Suppose m is the number of parameters in the saturated 

model, and  p is the number of parameters in our model of 
interest. Then, the sampling distribution of the deviance is 
asymptotically :  D ∼ χ2 (m − p) 

● Moreover, suppose we wish to test if a certain subset of 
regressor variables (say, the last p – q) can be omitted 
without loss of information. Formally, we want to test:        
H0 : βq+1 = . . . = βp = 0. 

   

Reference: An Introduction to Generalized Linear Models by Annette J. Dobson
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    Let Dq and Dp denote the deviances associated with the full model 
(p variables) and reduced model (q variables) respectively. Then, 
under H0 , (Dq – Dp )  follows approximately                                        

    Therefore, we reject H0 if (Dq – Dp ) exceeds the upper ⍺ - quantile 
of the    2  distribution with (p – q) degrees of freedom.   



Logistic Regression Review
● Suppose we have a binary dependent variable Y and p 

regressor variables. For the ith response, suppose that the 
regressors are: xi1 ,....., xip . Then, the logistic regression model 

assumes that P(Yi = 1) = θi  , where: 

• Equivalently, we can write:

Here, βi are parameters to 
be estimated from the 
data.



Deviance of Logistic Model 
(Notations are same as GLM example)

    Y1, Y2, .... , YK   are K dependent data points and there are p 
number of regressor variable.
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The Problem

     Suppose there is a single regressor variable T, which we will refer to 
as “time”. Let Ti denote the time at which an experiment is 
conducted.  A logistic model of the form: 

     logit(θi) = β0 + β1Ti 

It is not a good choice if the response variable depends on time in a 
periodic way. In that case it would imply that P(Yi = 1) increases or 
decreases as a monotonic function of time. 

     Example:  A data consists of proportion of snails found on top of a 
rock at different times of the day. This natural phenomenon has a 
periodicity of 24 hours. Now if we are trying to fit the above model 
the result looks like:
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Estimate of β0 - 4.0080

Estimate of β1 0.1538

Deviance 56.44

Degrees of 
Freedom

7



Periodic Logistic Regression
     Let P be the length of the period. Then a simple model that satisfies the 

requirement of periodicity is: 

   The above equation does not have the form of a standard logistic regression 
model. But, if P is known, then using the formula             cos(u – v) = cos(u) 
cos(v) + sin(u) sin(v), we can transform it into:



Using Periodic Logistic
 On the same data of proportion of brooding female snails found on 

top of a rock at different times of the day:

Parameter Estimate

 β0 - 1.425

 β1 1.674

 β2 0.220

Deviance (D) 14.67
Degrees of 
Freedom

6



Cont...
• A formal Hypothesis test can be done here for: 
 H0 : β1 = β2 = 0, which reduces the model to logit(θ) = β0. 

• MLE of β0                               = - 1.656.   
• Corresponding P (Yi = 1)     = 0.16 
• Deviance (D0)                       = 97.53 
• Test statistic  =  D0 – D        = 82.86 

•  Comparing with  χ2  distribution with degrees of freedom = 2, 
at all reasonable levels of significance we reject the hypothesis 
and conclude that the success probability does depend on the 
time of the day.



The Data

 The data we use here is from a field study on foraging 
behaviour of freshwater snails by Levri and Lively 
(1990). The snails of the species Potamopyrgus 
antipodarum feed on an algae that go on top of rocks in 
rocky habitats of lakes and streams of New Zealand.  

  
 Levri and Lively assessed the foraging behaviour of 

snails by noting the number of snails on top and 
bottom of rocks at different times of the day. 

 



The Data

  Now, staying on top of rocks always increases the 
chance of being spotted by predators. So there is 
always a trade off between having food and becoming 
food. 

 Here, we will consider two types of snails: 
  1) Brooding females  
  2) Parasite infected snails 

  The study by Levri and Lively (1990) mainly aimed 
to show Infection by a digenetic trematode 
(Microphallus sp.) caused significant changes in snail 
behaviour.



Simultaneous Models for Grouped data

• In periodic logistic regression we analyzed the case of a 
single periodic logistic curve. 

• In situations where the data fall into natural groups, one 
may perform separate logistic regression in each group, 
but such analysis will fail to account for apparent 
similarities across groups. 

• For such situations, we present a hierarchy of models that 
can be used to estimate curves exhibiting similarities and 
to test such models against each other.



Model 1
 This model assumes curves are identical across groups. It is 

written in the following manner:    logit(θ) = β0 + β1C + β2S

Parameter Estimate

 β0 – 0.492

 β1 1.695

  β2 0.236

Deviance 159.446
Degrees of 
Freedom

15



Model 2
     This is a model of shifted curves, formally written as: 

 logit(θ) = β0 + β1C + β2S + γ1 I1 + . . . + γk-1 Ik-1

     The model has k+2 parameters;  k is the number of groups.  

1) If an observation is from group k, then all the indicator 
values are 0 and the model: logit(θ) = β0 + β1C + β2S

2) For observations from any other group (say jth group),  Ij = 1 
and all other indicator values are 0. Thus for group j, (j = 1, . . 
. , k – 1), the model reads :  

 logit(θ) = β0 + β1C + β2S + γJ



Model 2
The fig. illustrates for 2 groups Brooding females and Parasite infected snails.

Parameter Estimate

 β0 0.307
 β1 1.771
  β2 0.293

γ1 

(Brooding 
females)

– 1.722

Deviance 28.255
Degrees of 
Freedom

14



Model 3
 This is a model of unrelated periodic logistic regression curves. In addition 

to the indicator variables used in model 2, we will also use their products 
with the sine and cosine variables.  

 logit(θ) = β0 + β1C + β2S + γ1 I1 + . . . + γk-1 Ik-1    
+ δ1,1 (I1 C) + + δ1,2 (I1 S) . . . + δk-1,1 (Ik-1 C) + + δk-1,2 (Ik-1 S)

  
 The model has 3k parameters, where k is the number of groups.  

1) If an observation is from group k, then all the indicator values are 0 and 
the model: logit(θ) = β0 + β1C + β2S 

2) For observations from any other group (say jth group),  Ij = 1 and all 
other indicator values are 0. Thus for group j, (j = 1, . . . , k – 1), the model 
reads :  

 logit(θ) = β0 + β1C + β2S + γJ  + δJ,1 (I1 C)  + δ J,2 (I1 S)



Model 3
The fig. illustrates for 2 groups Brooding females and Parasite infected snails.

Parameter Estimate

 β0 0.328
 β1 1.836
  β2 0.340

γ1 – 1.753

δ1,1 – 0.162

δ2,1 – 0.120

Deviance 27.847
Degrees of 
Freedom

12



Comparing the Models

Variable Parameter Model 1 Model 2 Model 3

Intercept β0 -0.492 0.307 0.328

C β1 1.695 1.771 1.836

S β2 0.236 0.293 0.340

I1 γ1 ... -1.722 -1.753

I1C δ1,1 ... ... -0.162

I1S δ1,2 ... ... -0.120

Deviance 159.446 28.255 27.847

Degrees of 
Freedom

15 14 12



Comparing the Models 
(Model 1 vs. Model 2)

Models logit(θ) = β0 + β1C + β2S 
vs.  
logit(θ) = β0 + β1C + β2S + γ1

Hypothesis H0 : γ1  =  0  vs. H0 : γ1  ≠  0 

Difference of Deviance D15  - D14  =  159.466 – 28.255 = 131.191 
which follows chi square distribution with  
degrees of freedom = 1

p-value 2.248924e-30

Conclusion As P-value is clearly less than 0.05 (even 0.01) we can reject 
NULL Hypothesis. Thus, model 1 can be rejected and 
considered as inappropriate.

This data should be described by model 2. Summarized as below: 
logit(θ) = – 1.415 + 1.771C + 0.293S For brooding Females. 
logit(θ) = + 0.307 + 1.771C + 0.293S For Infected snails.



Comparing the Models 
(Model 2 vs. Model 3)

Models logit(θ) = β0 + β1C + β2S + γ1 
vs.  
logit(θ) = β0 + β1C + β2S + γ1 + δ1,1 + δ1,2

Hypothesis H0 : δ1,1  =  0  ; δ1,2  =  0   
vs.  
H1 : δ1,1   ≠  0  ; δ1,2   ≠  0 

Difference of Deviance D14  - D12  =  28.255 – 27.847 = 0.408 
which follows chi square distribution with  
degrees of freedom = 2

p-value  0.8154624

Conclusion As P-value is clearly greater than 0.05. Thus, we do not have 
enough evidence to reject δ1,1 = δ1,2 = 0 and conclude that 
model 2 is sufficient.



Extension
 In some cases the investigator may feel that the model does not 

describe the cyclic pattern adequately or there is a lack of fit. In that 
case, one may try out a model in the following form: 

 with 4 regressor variables. Generally, one may introduce further 
regressors of the form: 

 This will make the periodic functions more flexible. The analogue of 
this in the non-periodic setup is to use higher degree polynomials.



 
Important Application 

• An otolith is a calcium carbonate structure in the utricle of 
the inner ear. Counting the annual growth rings on the 
otoliths is a technique in estimating the age of fish. 

• In a research work* in South Africa, formation of these 
growth zones were studied in the otoliths of Small mouth 
Yellow fish and Orange River mudfish. Otoliths were 
collected between November 2006 and May 2008. 

• Edge analysis was based on the optical interpretation of 
otolith margins collected. The frequency distribution of 
opaque margins over time was fitted using a periodic 
logistic regression.  

  
 *Validation of Growth Zone Deposition in Otoliths of Two Large Endemic Cyprinids in Lake Gariep, 

South Africa Author(s): Henning Winker, Bruce R. Ellender, Olaf L.F. Weyl & Anthony J. Booth



Important Application
 The adjacent figure and estimates are for the corresponding 

periodic regression analysis for the orange river mudfish.

Parameter Estimate

 β0 - 1.43

 β1 0.27

 β2 - 1.93
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Other Applications
The proposed methods has applications in many diverse areas of 
ecology:

● Periodic logistic regression may be used to examine the incidence 
of parasitism  in populations that vary annually in a cyclic way. 

● It can be used to study yearly variations of mortality rates. 

● Frequency-dependent selection is an evolutionary process by 
which the fitness of a phenotype (composite of the organism's 
observable characteristics or traits) depends on its frequency 
relative to other phenotypes in a given population. Periodic logistic 
regression can be used to study cyclic patterns of frequency 
dependant selection.



Limitations
● This idea works only when the period P is known from beforehand. If 

P is unknown, we have to come up with suitable methods of 
estimating P before using periodic logistic regression 

● The model 2 uses vertically shifted curves. In some circumstances, the 
investigator might want to consider horizontally shifted curves 
(Example: abundance of a prey and its predator throughout the year). 
In such a situation the model may be written as: 

 Unfortunately, its not possible to re-parameterized this model to a 
“standard” multiple logistic regression model.  



Thank You


